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Abstract 
In this work, the thermodynamic property of pseudoharmonic potential in 
the presence of external magnetic and AB fields is investigated. We used 
effective Boltzmann factor within the superstatistics formalism to obtain the 
thermodynamic properties such as Helmholtz free energy (F), Internal 
energy (U), entropy(S) and specific heat (C) of the system. In addition, we 
discuss the result of the thermodynamic properties of some selected diatomic 
molecules of 
2 2 2, ,N Cl I  and CH  using their experimental spectroscopic 
parameters and that of the variation of the deformation parameter of 
0,0.3,0.7q  .  We also illustrated with some graphs for clarity of our results 
in both cases. 
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1. Introduction 
The solutions of the Schrödinger equation and its relativistic counterpart 
with different physical potential models plays an imperative role in many 
fields of physics and quantum chemistry since these solutions contain all the 
necessary information required to describe a quantum system[1-15]. 
Furthermore, the solution of the Schrödinger equation is of great importance 
in particle, nuclear and chemical physics amongst other. Its solution can be 
used to investigate the mass spectra, binding energies, decay rates transition 
properties and thermodynamic functions [16-18].  
In quantum mechanics only few physical systems can be solved exactly in a 
closed form, for example the harmonic oscillator and Coulomb potential [19-
20], pseudoharmonic and Kratzer potential[21-23] etc. The solutions of the 
Schrödinger equation in a 2D charged particles confined by a harmonic 
oscillator in the presence of external magnetic field along the z-axis and 
Aharonov Bohm(AB) flux field created by solenoid have been studied by 
many authors[24-27]. Also, other  effects of external magnetic fields on 
different physical systems have been investigated [28]. Koscik and 
Okopinska investigated the quasi exact solutions for two interacting 
electrons using Coulombic force with confined anisotropic harmonic 
oscillator in 2D anisotropic dot[29]. Aygun et al.[30] studied the effect of 
constant magnetic field on the energy spectra of a particle moving under the 
Kratzer potential using asymptotic iteration method(AIM)[31]. Also, Ikhdair 
and Hamzavi[32] studied the spectral properties of quantum dots via 
Schrodinger equation with anharmonic potential and superposition of 
pseuodoharmonic-linear-Coulomb potential in the presence of an external 
uniform magnetic and AB flux fields using Nikiforov-Uvarov(NU)  
method[33]. Furthermore, the solutions of the Dirac equation with 
anharmonic potential in the presence of external and AB fields have been 
obtained [34]. Subsequently, many Schrödinger-like equations with 
harmonic and annharmonic potentials with and without external magnetic 
and AB flux fields has been investigated [35-37]. 
   In addition, the determinations of the thermodynamic functions of gases 
and diatomic molecules over a wide range of temperature limits have 
attracted the attention of many researchers [38]. Yepes et al.[39] studied the 
heat capacity and magnetization for GaAS quantum dot with asymmetric 
confinement. The thermal and magnetic properties due to electronic 
confinement have attracted significant interest such as electron-electron 
interaction on the energy spectrum [40] and electronic structure [41]. For 
instance, Atoyan et al.[42] studied relativistic spinless particles in a 2D 
cylindrical potential. Gumber et al.[43] studied a 3D cylindrical QD in the 
presence of external electric and magnetic field and went further to 
determine canonical partition function and other thermodynamic properties. 
It is well known that once the partition function of a system is calculated 
then other thermodynamics properties of the system can be evaluated.  The 
partition function which is a function of temperature is usually regarded as 
the distribution function in statistical mechanics which was first initiated by 
Boltzmann in 1870[44]. Other statistical mechanical representations  besides 
Boltmann had been proposed such as Gibbs[45],Einstein[46],Boltzmann-
Gibbs(BG)[47],Tsallis[48] and the latest which is the superstatistics[49-
50].It was Wilk and Wlodarczyk [49] that first conceived  idea of 
superstatistics before Beck and Cohen[50] latter reformulated the theory. 
The superstatistics described a non-equilibrium system with stationary state 
and intensive parameter fluctuations. The superstatistics has many 
applications in different branches of physics chemistry such as cosmic rays 
[51], wind velocity fluctuations [52], hydrodynamic turbulence [53] among 
others. 
  The aim of the present work is to investigate the Schrödinger equation in 
2D for a pseudoharmonic oscillator in the presence of external and AB fields 
with applications to superstatistics.  Pseudoharmonic potential is one of the 
exactly solvable potential in physics [54]. The pseudoharmonic potential is 
defined as, 
            2
2
( )
B
V r Ar C
r
        (1) 
where ,A B  and C   are potential constants.  As an application, we present the 
thermal properties of the system within the superstatistics formalism. The 
thermodynamic properties of some selected diatomic molecules of 
2 2 2, ,N Cl I  
and CH [55] within framework of superstatistics are also reported. 
 
2 Solutions of the Schrödinger equation in external magnetic and AB 
fields 
The Schrödinger equation for a charge particles moving in a magnetic and 
AB flux fields is[24-27], 
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where the vector potential A  can be expressed as 1 2A A A   in such a way 
that 1A B   and 2 0A   with ˆB Bz  being the applied magnetic field and 
2A  describing the additional magnetic flux AB  created by a solenoid[24-27], 
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where 
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Now substituting equation (1) into equation (2), we get 
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Now inserting equation (3) into equation (4),we obtain 
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In order to find an exact solution of equation (5), we make the following 
choice for the wave function as, 
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and this transform equation (5) into the second order Schrödinger equation 
as 
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We can further expressed equation (7) as, 
                   
2
2 2
2 2
( )
( ) 0
d R r
r R r
dr r

 
 
     
 
        (8) 
Where, 
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To get the solution of equation (8),we introduce a coordinate transformation 
of the form 2s r  and equation (8) becomes, 
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Equation (10) can be solve by Nikiforov-Uvarov method[56] (see appendix 
A) and the energy spectrum is obtained as, 
                 
2 2 2
2 2 2
2 1
2 1 2
4 16 4
A e B
E n C
c
 

 
       
 
    (11) 
   
3 Boltzmann factor in the Superstatistics  
The q-deformed superstatistics is a superposition of multiple different 
statistical models [11-15] and has many applications in physics. The 
effective Boltzmann factor is obtained as[11-15] 
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where q  is the deformation parameter and lies between,0 1Q  , 
1
Bk T
  ,T  
is the temperature,
Bk  is the Boltzmann constant and E  is the energy of the 
quantum state.  Consequently, one obtain the ordinary statistical mechanics i 
when 0q  [15]. It is worthy to note that the thermodynamics properties of 
the system within the superstatistics framework valid for all values of q  and   
depends on the energy of the system. 
4 Thermodynamic Properties with Pseuodoharmonic potential in the 
presence of an external magnetic field 
 The partition function in the superstatistics is defined as[11-15], 
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Substituting equations (11) and (12) into equation (13), we obtain an 
expression for the partition function within the superstatististics regime as, 
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Other thermodynamic functions like free energy F , mean energy U , entropy 
S  and specific heat capacity C  can be obtain from the partition function of 
equation  (14) using the following relations  
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4 Applications 
 In this section, we evaluate the thermodynamic properties for different 
diatomic molecules of 
2 2 2, ,N Cl I  and CH  using their experimental values 
with a deformation parameter of 0.5q   in the presence and absence of the 
external magnetic fields.  The second application is carried out by evaluating 
the thermodynamic properties for different deformation parameter of 
0,0.3,0.7q   and 1 in the present of the external magnetic fields. 
4.1 Applications to diatomic molecules 
Here, we consider the pseudoharmonic oscillator of the form [55], 
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On comparing equation (1) and (18) gives the values of A,B and C as 
2 2,e e e eA D r B D r
   and 2 eC D  [55]. We also take 3 , 1, 1ABB T m     and 
1c e    in the presence of the magnetic fields and zero otherwise. The 
experimental values of some selected diatomic molecules of 
2 2 2, ,N Cl I  and 
CH  are taken from Ref.[55] as shown in Table 1.  
 
Table 1. Spectroscopic Parameters of the selected Diatomic Molecules 
used [55]. 
Molecule ( )er   
( )amu  1( )ed cm

 
2N  1.0940 7.00335  98288.03528  
2Cl  1.9872 17.4844  20276.440  
2I  
CH  
 
2.6664  
1.1198 
63.452235  
0.929931  
12547.300  
31838.08149  
 
 
 
 Now using these experimental data as our input, we plot the partition 
function for  
2 2 2, ,N Cl I  and CH   in the presence and absence of the 
magnetic field B in Figs.1-2 within the framework of superstatistics at 
0.5q  .  As shown in Figs. 1 and 2, the partition functions in the presence 
and absence of the magnetic fields decreased monotonically as the 
inverse temperature   is increased. The plots of the Helmoltz free energy 
for both cases are also shown in Figs.3-4. Fig.3 and 4 show the behaviour 
of the Helmholtz free energy versus  .  It is observed in Fig.3 and 4 that 
the Helmholtz free energy increases as parameter   is increased. Figs.5 
and 6 show the internal energy of the diatomic molecules within the 
superstatistic formulation .As shown in  Figs.5 and 6,the internal energy 
U of the diatomic molecules decreased with increasing   in the presence 
of the external magnetic fields B and  . The variations of the entropy 
with inverse temperature   are shown in Figs.7 and 8 for the three 
diatomic molecules. Here, the entropy decreases with increasing   in the 
presence and absence of the magnetic field. In Figs. 9 and 10, the 
variations of the heat capacity (C) as a function of inverse temperature 
are shown.  Fig.9 shows that the specific heat peaked at unity and 
decreased with increasing   for different diatomic molecules in the 
presence of the external magnetic field. However, in the absence of the 
magnetic similar trend is observed but this occurs at a very high 
temperature as compared to that of the present of the magnetic field 
which occurs at a lower temperature as shown in figs 9  and 10. 
 
 
 
 
 
 
 
 
Fig. 1: Partition function vs   for various diatomic molecules in the presence 
of the magnetic field B and   
 
 
 
 
 
Fig. 2: Partition function vs   for various diatomic molecules in the absence 
of the magnetic fields . 
 
 
Fig. 3: Free energy vs   for various diatomic molecules in the presence of 
magnetic field B and  . 
 
 
 
 
Fig. 4: Free energy vs   for various diatomic molecules in the absence of the 
magnetic field B and  . 
 
 
 
 
 
 
Fig. 5 : Mean energy vs   for various diatomic molecules in the presence of 
magnetic fields B and  . 
 
 
 
 
Fig. 6 : Mean energy vs   for various diatomic molecules in the absence of 
the magnetic fields B and   
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Fig. 7: Entropy vs   for various diatomic molecules in the presence of the 
magnetic fields B and   
 
 
Fig. 8 : Entropy vs   for various diatomic molecules in the absence of the 
magnetic field B and   
 
 
 
 
Fig. 9 : Specific heat capacity vs   for various diatomic molecules in the 
presence of the magnetic field B and   
 
 
 
 
 
 
Fig. 10 : Specific heat capacity vs   for various diatomic molecules in the 
absence of the magnetic field B and   
 
 
4.2 Deformation parameter 
Similarly, taking  3 , 1, 1ABB T m     and  1c e   ,we investigated the 
beahviour of the partition function Z , free energy F , mean energy U , 
entropy S , and specific heat capacity C   for different superstatistics 
parameters  0,0.3,0.7q   and 1. In fig.11,we plot behaviour of the partition 
function versus    for different values of the deformation parameter q .As 
can be seen in fig.11,increasing   decreasing the partition function 
monotonically. Also, in fig.12 the behaviour of the Helmholtz free energy is 
plotted as a function of the inverse temperature .  The Helmholtz free 
energy increases with increasing   to a maximum values for different 
values of 0,0.3,0.7q   and 1. Fig.13 shows the behaviour of internal energy 
as a function of    within the superstatistic formulation for different q  
values. .As is observed in Figs.13, the internal energy U decreased with 
increasing   in the presence of the external magnetic fields B and  . The 
variations of the entropy with inverse temperature   are shown in Figs.14. 
The entropy decreases with increasing   in the presence magnetic field. In 
Fig.15, the variation of the heat capacity (C) as a function of inverse 
temperature is shown.  Fig.15 shows that the specific heat peaked at unity 
and decreased with increasing   for different deformation parameter q  in 
the presence of the external magnetic field. 
 
Fig. 11: Partition function vs   for different deformation parameters. 
 
 
 
Fig:12: Helmholtz free energy vs  for different deformation parameters 
 
 
 
Fig. 13: Mean energy vs   for different deformation parameters. 
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Fig. 14: Entropy vs   for different deformation parameters. 
 
Fig. 15: Specific heat capacity vs   for different deformation parameters. 
 
 
 
5. Conclusions  
 
In this work, we have studied the thermodynamic properties of 
pseudoharmonic potential in the presence of external magnetic and AB 
fields. We obtained in a closed form the energy spectrum of the system and 
calculate the partition function of the system within the framework of 
superstatistics using the modified Dirac delta distribution. With the partition 
function, we determine other thermodynamic properties such as Helmholtz 
free energy, mean energy, entropy and the specific heat capacity. We applied 
the result to study the  thermodynamic properties of some selected diatomic 
molecules of 
2 2 2, ,N Cl I  and CH  within the framework of superstatistics . 
 
 
 
 
 
 
 
 
  
 
 
 
       Appendix A: The parametric NU Method 
The parametric form of the NU method takes the form [56] 
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The energy eigenvalues equation and eigenfunctions  respectively satisfy the 
following sets of equation, 
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and 
nP  is the orthogonal Jacobi-polynomial which define as  
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